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WEAK TURBULENCE OF CAPILLARY WAVES 
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In recent years the theory of weak turbulence, i.e. the stochastic 

theory of nonlinear waves [I, 9], has been intensively developed. In 

the theory of weak turbulence nonlinearity of waves is assumed to be 

small; this enables us, using the hypothesis of the random nature of 

the phases of individual waves, to obtain the kinetic equation for the 

mean squares of the wave aplitudes. 
In many eases of weak turbulence a situation arises where damping 

is considerable in the region of large wave numbers and is separated 
from the region where the basic energy of the waves is concentrated 
(as a result either of pumping or of the initial conditions) with a wide 
region of transparency. In [3,4] the hypothesis was stated that weak 
turbulence in these eases is completely analogous to hydrodynamic 
turbulence for large Reynolds numbers in the sense that in the region 
of transparency a univel~al spectrum is established which is determined 
onIy by the flow of energy into the region of large wave numbers. The 
spectrum of hydrodynamic turbulence Sk ~ k "5/s was obtained by A. 
N. Kolmogorov and A. M. Obukhov [5,6] from dimensional consider- 
ations. In the case of weak turbulence the spectrum ~ obtained as an 
exact solution of the stationary kinetic equation. 

Below the ease of weak turbulence of capillary waves on the sur- 
face of a liquid is considered. 

A kinetic equation is obtained for capillary waves. It is significant 
that in this case the basic contribution to interaction is provided by the 
process of the decomposition of a wave into two and by the process of 
two waves merging into one. 

It is shown that the collision term of the kinetic equation vanishes 
with the solution ek '~ k "7/4. Arguments are advanced in favor of the 
fact that this solution can be interpreted as a universal spectrum in 
the region of transparency. 

1. T h e  k i n e t i c  e q u a t i o n .  As  is  known,  t he  l aw  of 
w a v e  d i s p e r s i o n  on the  s u r f a c e  of an  i n f i n i t e l y  d e e p  
l i q u i d  h a s  t he  f o r m  Wk = (c~k 3 + gk) 1/2, w h e r e  c~ i s  t he  

c o e f f i c i e n t  of s u r f a c e  t e n s i o n .  T h e  d e n s i t y  of t h e  

l i qu id  i s  t a k e n  as  e q u a l  to u n i t y .  

T h e  c a s e  k >> g/c~ i s  c o n s i d e r e d .  H e r e  t h e  e f f e c t  of 
g r a v i t a t i o n a I  f o r c e s  c a n  b e  n e g l e c t e d ,  and  the  s p e c -  
t r u m  a s s u m e s  the  f o r m  co k = (c~k a) ~/~ 

V i b r a t i o n s  of the  s u r f a c e  of a l iqu id ,  w i t h o u t  v i s -  
c o s i t y  t a k e n  in to  a c c o u n t ,  a r e  d e s c r i b e d  by  t he  f o l l o w -  
ing  s y s t e m  of e q u a t i o n s  ( s u b s e q u e n t l y  v i s c o s i t y  wi l l  b e  
t a k e n  in to  a c c o u n t  p h e n o m e n o l o g i c a l l y ) :  

/ x |  Z ~ l ,  ~1~--|  

r  - -  ~ (~,l= + ~ M  = % ( v - e )  s l~=~, 

| (x, y, z,  t) l . . . .  = 0.  (1 .1)  

H e r e  @(x, y,  z, t) i s  the  v e l o c i t y  p o t e n t i a l  ; ~?(x, y, t) 
is  t h e  d e v i a t i o n  of t h e  s u r f a c e  f r o m  e q u i l i b r i u m .  T h e  
z a x i s  i s  d i r e c t e d  away  f r o m  t h e  l i qu id .  W i t h o u t  l o s s  
of g e n e r a l i t y  we can  s e t  t h e  p r e s s u r e  equa l  to z e r o .  
T h i s  e q u a t i o n  h a s  a n  i n t e g r a l  of m o t i o n :  the  e n e r g y  of 
the  w a v e s ,  w h i c h  w i t h  a n  a c c u r a c y  to t e r m s  of t he  t h i r d  
o r d e r  w i th  r e s p e c t  to  V(x, y, t) h a s  t he  f o r m  

+VtdxdY S 
- - 0 0  

Le t  u s  t u r n  to t he  F o u r i e r  t r a n s f o r m s  of x and  y in 
Eqs .  (1.1),  u s i n g  t he  L a p l a c e  e q u a t i o n  and  t he  b o u n -  
d a r y  c o n d i t i o n .  H e r e  w e  m a k e  u s e  of t he  s m a l l n e s s  of 
n o n l i n e a r i t y ,  r e t a i n i n g  in the  F o u r i e r  s e r i e s  t e r m s  up  

to t h e  s e c o n d  o r d e r  of s m a l l n e s s  w i t h  r e s p e c t  to the  
a m p l i t u d e  of v i b r a t i o n s  

a*l~. k,T, k = Ot 

f [(k|';1) - -  I kl  I kl [1 ~ dks,  

Ot + ak~qk = 

~F(Z, y, t ) =  (I)(x, y, z, t) l~= ~. (1.2) 

It is  c o n v e n i e n t  to  t u r n  to the  new  v a r i a b l e s  a k and  

a* k, the  c o m p l e x  a m p l i t u d e s  of w a v e s  

~]k -= ( 4 / a k )  '/" (a k -t- a_~,*), 

"F k = - -  i (4~k)V'(a~ - - a : ) .  

H e r e  a k, a_k* a r e  n o r m e d  in s u c h  a way t h a t  

e(~ = 1 r [ak I n dk (1.3) 

w h e r e  e 0 i s  t h e  q u a d r a t i c  p a r t  of t h e  w a v e  e n e r g y .  
T h e  e q u a t i o n  fo r  c a p i l l a r y  w a v e s  in  t e r m s  of t h e s e  

v a r i a b l e s  h a s  the  f o r m  

Oa.._~Ot - -  io~a~ = i f Vl.~,!.~a~,a~fik-krk.dk~ dk~ -}- 

+ 2i I V1.~14,a~ ~a~*6k_k,_~dkldks -t- 

i " U~:l;lL2akl*a~,* -~ f 6k+k,+k~. dkl dk2, (1.4) 

v~'~'=\ay2 ) [\ Ik~l / [ ( k - - k 1 ) 2 - -  ks~] -t - 

+ (1 k [ I k2 I )% [(k - -  k2) 2 - -  k2t] - -  
\ Ikxl 

- -  ( ~ ) %  [ ( k l - -  k~)~-- k~]}, 

Uk~,k = ( '~e )% ~(Ikl[\ lk211k~l~V'[k22--(k--kx)e]/ + 
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We no te  tha t  Vkktk2 and Ukktk  2 a r e  h o m o g e n e o u s  
func t ions  of d e g r e e  9 /4 ,  s a t i s f y i n g  the  s y m m e t r y  c o n -  
d i t ions  

we  p r o c e e d  to i n t e g r a t e  the  v e c t o r s  k i  and k 2 wi th  r e -  
s p e c t  to the  m o d u l i , w h e r e  the  6 - func t ion  of the w a v e  
n u m b e r s  is  r e p l a c e d  by the  e x p r e s s i o n  

The  func t ions  V and U depend  only on the  m o d u l i  of 
t h e i r  a r g u m e n t s .  We note  tha t  c a p i l l a r y  w a v e s  exh ib i t  
a " s p l i t  law of  d i s p e r s i o n "  [7], i . e . ,  the  cond i t ions  

r = 0:% + ~%,, k = k i  + k~ 

can  b e  s a t i s f i e d  s i m u l t a n e o u s l y .  
It fo l lows  f r o m  th i s  fac t  tha t  a m o n o c h r o m a t i c  c a p -  

i l l a r y  w a v e  wi th  the  w a v e  v e c t o r  k i s  u n s t a b l e  r e l a t i v e  
to s i m u l t a n e o u s  e x c i t a t i o n  of a w a v e  p a i r  wi th  the  w a v e  
v e c t o r s  k 1, k 2 (spl i t  i n s t ab i l i t y ) .  

Let  u s  p r o c e e d  to a s t a t i s t i c a l  d e s c r i p t i o n  of  t he  
v i b r a t i o n s .  We a s s u m e  that  the  s y s t e m  of w a v e s  is 
s t a t i s t i c a l l y  h o m o g e n e o u s  and, f u r t h e r m o r e ,  tha t  the  
p h a s e s  of the  ind iv idua l  v i b r a t i o n s  a r e  c o m p l e t e l y  
chao t i c .  In a c c o r d a n c e  wi th  the  e s t a b l i s h e d  t e r m i n -  
o logy [1, 2] we ca l l  such  a cond i t i on  w e a k  t u r b u l e n c e  of 
w a v e s .  To d e s c r i b e  t u r b u l e n c e ,  we  can  obta in  a k i n e -  
t i c  equa t ion  f o r  n k = lak l  I in t he  m a n n e r  of A. A. 
G a l e e v  and V. I. K a r p m a n  [8] 

On k / d t  = S t  (n, n) - -  2~k~nk, (1.6) 

St(n,  n ) ~  

x 5~_~,_~, 6%-~  _~s. " dkl dk~ + 

+ 8~ I [ V~d~ IS (n~,n~i + 

+ n~n~, - -  n~n~,) 5k-~,+k~8%~:,+~, dkl dkz. (1.7) 

The  t e r m  2uk~nk w h e r e  v is  the  c o e f f i c i e n t  of v i s -  
cos i ty ,  is  i n t r o d u c e d  into the  k i n e t i c  equat ion .  Th i s  
t e r m  d e s c r i b e s  the  v i s c o u s  d a m p i n g  of w a v e s  [9]. 

A c c o r d i n g  to f o r m u l a  (1.3), nk is  a s s o c i a t e d  with  
the  s p e c t r a l  e n e r g y  dens i t y  by  the  r e l a t i o n  ek = Wknk. 
The  quant i ty  nk can  be  i n t e r p r e t e d  as the dens i t y  of 
t he  w a v e  n u m b e r  in k - s p a c e  [1-4] .  

Equa t ion  (1.7) exh ib i t s  the l aw of t he  c o n s e r v a t i o n  

of e n e r g y  

~ I o ~ n k d k  + 2 I vk%)~n~dk = O. (1.8) 

2. Solut ion of t he  k ine t i c  equat ion .  Le t  us  c o n s i d e r  

the  equa t ion  

S t ( n ,  n) = 0 .  (2.1) 

We sha l l  s e e k  c y l i n d r i c a l l y  s y m m e t r i c  so lu t i ons  of 
th i s  equat ion .  We m a k e  u s e  of the  f ac t  tha t  the  c o e f f i -  
c i en t  func t ion  is  independen t  of the  ang les ,  and c a r r y  
out  an a v e r a g i n g  p r o c e s s  wi th  r e s p e c t  to the  a n g l e s  in 
Eq.  (2.1). F o r  th i s  we r e p r e s e n t  the  6 - func t ion  of  the  
w a v e  v e c t o r s  in the  f o r m  

l~k+-"kx:kk~ = f e i ( r '  t,++_tct++.l:z) dr . 

Having  i n t e g r a t e d  Eq.  (2.1) wi th  r e s p e c t  to the 
ang le s  b e t w e e n  the  v e c t o r s  r and k, r and k 1, r and k 2, 

oa 

l Jo (kr) Jo(k tr )  Jo (k2r) r dr  ---- T '  
o 

h = 1A V 2 [kx~k~ ~ + k~ki ~ + k2k2 ~ - -  k 4 - -  k l  4 - -  k~ 4 " 

H e r e  A is  the  a r e a  of the  t r i a n g l e  f o r m e d  by the  

v e c t o r s  k, kl and k2. 
Af te r  th is  in Eq.  (2.1) we go o v e r  to t he  v a r i a b l e s  

o) = k "/', o) 1 --~ k i  %, o)z -~- kz % 

and to p r e s e r v e  s y m m e t r y  of t he  k e r n e l  we m u l t i p l y  
t he  equa t ion  by  the  quant i ty  co t /3 .  

Afte r  i n t e g r a t i n g  with  r e s p e c t  to  the  v a r i a b l e  0) 2 we  

ob ta in  

i p . . . . . . . . .  (n~,n~_~, - -  n~n~, - -  no, n . . . .  ) doh + 
o 

+ 2 ~ P~+ . . . . . .  (no,,n~+~, + n,~n .... - -  n~,n~,) doh = O, 

0 

p . . . . .  = ((coco,~.),i~ I v  . . . . . . .  l')x 
x (2 [~'/' (o~ - co,) '/' + (oxo,)'/" + 

+ co'l, (cot -- co)'/" -- 0) % --  cot '/~ --  (co -- (Ol) '1' ])-i/z (2.2) 

H e r e  Pw,col,w2 is  a h o m o g e n e o u s  p o s i t i v e  de f in i t e  

func t ion  of d e g r e e  8 / 3  

P . . . . .  ~ , - - P ~ +  . . . . .  ~i~0)l~co '/' fo r  r  (2.3) 

We sha l l  s e e k  the  so lu t ion  of Eq.  (2.2) in the  f o r m  
n w = Aw s,  w h e r e  A is  an a r b i t r a r y  cons tan t ,  wh i l e  s 

is  an unknown quan t i ty .  
We c a r r y  out  subs t i t u t i on  of the  v a r i a b l e s  in the  

s econd  i n t e g r a l  of Eq.  (2.2) in a c c o r d a n c e  with  the  

f o r m u l a s  

co--to, ( ~ - ) *  d0h to 1 --> = (Ol, d(01 --~ - -  . 
t01 

The  funct ion,  owing to i t s  h o m o g e n e i t y  and s y m -  
m e t r y  ( see  (1.6)) is  t r a n s f o r m e d  a s  fo l lows :  

Po,+~,. r ,o "-* P,~o~lo,,, ( ,~ , )  o,1r 0~,r ..~ 

- - ( ~ l o ~ l j ' t ' p  . . . . . . . . .  

It i s  now s e e n  that  a f t e r  such  a subs t i t u t i on  two in -  
t e g r a l s  a r e  t u r n e d  into one,  w h i l e  the  i n t e g r a n d  i s  

e a s i l y  f a c t o r i z e d .  
The  equa t ion  fo r  the  unknown quan t i ty  s thus  has  

the  f o r m  

i dc% p . . . . . .  [ ~  (o --  oh) ~ -- r162 ~ --  co ~ (~o --  o~l) ~ ] 
' ' COi2s+W3(O:, __  ~, l)~s+W s X 

o 

x i [~ (o~ - -  COl) ~+'/~ - -  co~-W%h2~+'% - -  

o 

- -  o~ ~s+''l~ (o) - -  oh j \ 2s+ '%~ j  dCOl = O. 

It is  obv ious  that  t he  i n t e g r a n d  v a n i s h e s  fo r  v a l u e s  
of s equal  to - 1  and - 1 7 / 6 .  
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O w i n g  to  t h e  p o s i t i v e  d e f i n i t e n e s s  of t h e  f u n c t i o n  P, 

Eq .  (2.1) h a s  no  s o l u t i o n s  of  o t h e r  p o w e r s .  

T h e  s o l u t i o n  nr = c o n s t / w ,  i . e . ,  t he  R a y l e i g h -  

J e a n s  d i s t r i b u t i o n ,  c o r r e s p o n d s  to t h e  f i r s t  of t h e  

e q u a t i o n s  in  (2 .2) .  

T h e  s o l u t i o n  nco (2) = eonst/coiT/16 c o r r e s p o n d s  t o  

t h e  s e c o n d  r o o t .  

In k - s p a c e  the  d i s t r i b u t i o n s  

nk 0) ~ const  k -%, nk (e) = const  k -'*A 

c o r r e s p o n d  to t h e s e  s o l u t i o n s ;  in  c y l i n d r i c a l  n o r m a l -  

i z a t i o n  t h i s  g i v e s  

%(~) ~- eonst k, ek (+') = const  k -'j' 

f o r  t h e  s p e c t r a  ! d e n s i t y .  

F o r  t h i s  s o l u t i o n  to h a v e  a p h y s i c a l  m e a n i n g ,  i t  i s  

n e c e s s a r y  f o r  t h e  i n t e g r a l s  in  Eq .  (2.7) to  c o n v e r g e .  

Le t  u s  f i r s t  c o n s i d e r  t h e  c o n v e r g e n c e  in t h e  r e g i o n  of  

s m a l l  k.  

W e  n o t e  t h a t  in  t h e  f i r s t  t e r m  o f  Eq .  (2.2) i n t e g r a -  

t i o n  o v e r  t h e  r e g i o n  co - co 1 << co g i v e s  t h e  s a m e  c o n -  

t r i b u t i o n  a s  i n t e g r a t i o n  o v e r  t h e  r e g i o n  co 1 << co. T a k -  

•ng t h i s  in to  c o n s i d e r a t i o n ,  w e  c o l l e c t  a l l  t h e  t e r m s  

p a s s i n g  to i n f i n i t y  a s  co 1 ~ 0. W e  o b t a i n  

,+ 

2 { P . . . . . . . . . .  [n , , n  . . . .  - -  n , ,n , , , l  -l- 

"-l- Pc,+ . . . . . . .  [ n , , , n ~ + ~ , - -  n~n~,]} dr . (2.4) 

T a k i n g  in to  a c c o u n t  t h e  a s y m p t o t i c  property of (2.3),  

t h e s e  t e r m s  h a v e  t h e  o r d e r  

t One, l 
dl~ 0(o n~176  (2.5) 

H e n c e  i t  f o l l o w s  t h a t  i n t e g r a l s  in  Eq .  (2.2) c o n -  

v e r g e  f o r  b o t h  of  t h e  s o l u t i o n s  o b t a i n e d  h e r e  a s  co 1 

0. L e t  u s  c o n s i d e r  t h e  c o n v e r g e n c e  a s  co i ~ ~o. 

In t h i s  c a s e  t h e  t e r m s  

2no, l p . . . . . . . . .  (n~+,.,-- no,) r ~ n~ &01 

('03/'t r176 l ~ c~n'ai (O1 ' ~ ' ~ 1  d0)l (2.6) 

a r e  t h e  m o s t  c r i t i c a l .  

It  i s  o b v i o u s  t h a t  in  t h i s  l i m i t i n g  c a s e  t h e  i n t e g r a l s  

in t h e  e q u a t i o n  c o n v e r g e  f o r  b o t h  s o l u t i o n s .  

3. A phyaleal interpretation of the solutiom. Let us consider the 
problem concerned with the damping of capillary waves. We estimate 
the orders of various terms in Eq. (1.7)o Let 1" be the characteristic 
damping time. The term an/0t has the order n/r;  the term St(n. n) 
then has the order tJ2nZkZ/a~ ~ nZ/k5 and for sufficiently large k it 
is much larger than the term an/at. Thus the term 8n/~r is significant 
only for small k. 

We denote the influence boundary of the term ~n/0t by a. Further- 
more, it is clear that viscosity has an effect only for sufficiently large 
k. We denote the viscosity influence boundary by b, We consider the 
case b >> a. We attempt to approximate the solution of Eq. (1.7) in 
the region a << k << b with the aid of the exact solutions of Eqo (2.1). 
Let us first consider the Rayleigh-Jeans distribution. 

Owing to the convergence of the integrals in Eq. (2.1), for the 
Rayleigh-Jeans distribution the principal contribution to the integral 

is determined by the region k I N k and has the order TlkZ. On the 
other hand, the term yk2nk has the order y T k  1/z . Hence we see that 
viscosity cannot lead to cutoff of the Rayleigh-Jeaus distribution for 
large k and b = ~o But since the total energy for the Rayleigh-Jeam 
distribution diverges for large k, this means that the Rayleigh-Jeans 
solution cannot be realized in the given problem. 

Let us now consider the solution n k = ck -17/4. The order of the 
collision term for this solution is c2k "7/2, while the order of the vis- 
cous term is uck "sA. Hence the boundary of influence for the viscous 
term is b ," (e/y) ~/5. 

It is natural to expect that the solution is rapidly damped for k �9 b. 
The solution n k = ek'17/~ rapidly diminishes for k >> a; therefore 

the principal part of the energy is included in the region k ~ a, where 
nonsteadiness is significant. Let the solution in this region have the 
order no. From the joining condition on the boundary of the region 
containing the energy we have 

n o ~ ca-17[,~. 

Thus the tree solution differs considerably from the solution nk = 
= ek -17/~ in the regions k,_%<a and k >~b. Integration in the collision 
term is carried out over the entire space of wave numbers including 
these regions. Here the contribution of the region a << k << b has the 
order c2k'Th(a/k)  is/4. 

From formulas (2.5) and (2.6) we can estiinate the contributions of 
the regions k ~,%u and k>~ b. They equal c2k'7/2(a/k)l~/4 and cZk "r/z " 
�9 (k/b) n/4 '  respectively. It is obvious that for a << k << b these con- 
tributions are negligibly small. 

Let us now calculate the quantity of energy dissipated per unit 
time. This quantity is given by formula (1.8). The principal contri- 
bution to the integral is determined by the upper limit 

b 
c ( vk%)Tr kdk ~ ail~c+". (3.2) 

p ~ ,} kW+ 

We find that the quantity of energy dissipated or, what is the same, 
the energy/flow into the region of large k does not depend on the 
value of the viscosity coefficient. The solution in the region a << k << 
<< b can be rewritten to the form 

nl~ ~ p % , x - ' l % - W %  (3.3) 

Hence 

no ~ p%e- 'ha  -~?' �9 (3~ 

From the kinetic equation (1.7) we can establish that the energy 
flux p is proportional to n z, i . e . .  n ~ pi/Z, It is easy to see that 
nk ~ p i /Z  a - l  f4 k-1714 is the only power function which satisfies this 
condition with respect to dimensionality. The total wave energy has 
the order 

e ~ oa~no ~ ~il*a'l'no. ( 3 . 5 )  

From the law of the conservation of energy we have 

e/T ~ p . (3.6) 

From formulas (3.3)7(3~ we find that 

1 / "r ~ noa 5 ~ nee / u .  (3.7) 

Knowing r, it is easy to establish that the terms 8n/at and St(n, n) 
are indeed comparable for k N a. We note that the kinetic equation 
is applicable only for small nonlineariry, when ~ / a  << 1. Formula 
(3.6) can be rewritten to the form n o / r  ~ 6n0/0t ~ nZ0a 5. 

Hence n N n0r/t  , i . e . ,  n decreases in inverse proportion to time. 
Let us find the boundary of viscous damping 

The criterion of existence for the region a << k << b leads to the 
condition b >> u, which, as can be easily confirmed, coincides with 
the condition rua2/>> 1o This is to say, it coincides with the condi- 
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tion that the decrement of the nonlinear damping is much larger than 
the decrement of viscous damping. Hence we obtain the final criterion 
of theory applicability ua2/Wo << e / a  << 1. 

The constructed pattern of weak turbulence in capillary waves has 
much in common with the pattern of turbulence for an incompressible 
liquid in the case of large Reynolds numbers. In both cases the wave- 
number space can be divided into three regions: the region containing 
energy, the intermediate(inertial) region, and the damping region. At 
the same time the spectrum of energy in the region containing energy 
and in the intermediate region does not depend on the coefficient of 
viscosity (the coefficient of viscosity determines only the upper boun- 
dary of the intermediate region), in both cases the spectrum of energy 
in the intermediate region is determined by only a single quantity, the 
energy flow from the region containing energy. For hydrodynamic tur- 

n -5/3 bulence this enables us to fi d this spectrum e k ~ k , using dimen- 
sional considerations. Turbulence of capillary waves contains the addi- 
tional dimensional parameter a. This does not allow us directly to use 
the dimensional considerations, but after obtaining the kinetic equation 
we can establish that the energy flow is proportional to the square of 
the wave energy. This allows us to construct the expression Sk ~ 
~ a-1/4 pl/S k-17/4 which turns out to be the exact solution of the 
kinetic equation. 

In the theory of hydrodynamic turbulence the pattern described 
above is based on the hypothesis of the local character of turbulence, 
i . e . ,  on the assumption that only dimensions of the same order inter- 
act intensively with one another. This hypothesis for capillary waves 
is factually confirmed by relations (3.2). We further note that the 
problem of the stability of the turbulence pattern set up here remaius 
unresolved. 

In conclusion, the authors thank R. Z. Sagdeev for his contribution 
to the work. 
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